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I. INTRODUCTION 
This paper is a continuation of earlier investigations of the problem of 
characterizing various linear groups by their group theoretical properties 
(cf. [7] and [S]). In this paper we consider the 3-dimensional projective 
unitary group. Let V be a vector space of dimension 3 over the quadratic 
extension E of a finite field F. We assume that the characteristic p of F is odd 
and that F contains Q elements where q = pn. Let v be a nondegenerate 
Hermitean form defined on V. The totality of nonsingular linear transforma- 
tions on V leaving 9 invariant forms a group r. The central factor group of I’ 
is the 3-dimensional projective unitary group and is denoted here by U,(q). 
The group U,(q) is simple if q = - 1 (mod 3). In the other case U,(q) con- 
tains a normal subgroup of index 3 which is simple. 
The form v defines a polarity of the projective plane over E. The group 
U,(q) leaves invariant the set of absolute points with respect to this polarity 
and as a permutation group on the absolute points U,(q) satisfies the following 
properties: 
(1) It is doubly transitive and of degree q3 + 1. 
(2) The subgroup H of elements fixing one point contains a normal 
subgroup Q which is regular on the remaining q3 points. 
(3) The group H/Q is a cyclic group of order q2 - 1. 
The main result of this paper is the following theorem. 
THEOREM. Let G be a permutation group satisfying the above conditions 
(I) - (3). Then G is isomorphic to U,(q). 
A similar characterization when q is a power of 2 has been given else- 
where [8], and the present proof follows much the same pattern. The above 
theorem completes the work of R. Brauer and the author on the characteriza- 
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tion of groups which contain involutions whose centralizers are isomorphic 
to a centralizer of an involution in U,(g). The author obtained in 1956 the 
following result. Let G be a group of even order and 7 an involution of G. 
Suppose that the centralizer co(~) of T is isomorphic to the centralizer of an 
involution in U,(q) and that if u is a nonidentity element of the center of 
C&T), then C,(U) m= C,(T). If G contains no normal subgroup of index 2 
and if q m+ I (mod 4), then G satisfies the conditions (l)-(3) stated before. 
Weaker conditions on the centralizer CJT) are sufficient. Later R. Brauer 
treated the case q Y 3 (mod 4) and he obtained, so the author has been 
informed, the conditions (l)-(3) un d er weaker assumptions. Their works have 
not been published yet. 
Throughout this paper G denotes a permutation group satisfying the 
conditions (l)-(3). We use the following notation. We fix two symbols a and b 
among the symbols permuted by G and let H denote the set of elements of G 
which leave a invariant. By the condition (2) H contains a normal subgroup Q 
of order q3, and is a semidirect product of Q and a subgroup K of order 
q2 - 1. We take K to be the subgroup consisting of elements leaving both a 
and b invariant. By (I) we can find an involution t which exchanges a and b. 
WehaveKyHnt-lHt 
II. THE LOCAL STRUCTURE 
In this section we study the structure of the group {K, t} generated by K 
and t, and the structure of the centralizer of an element of K. 
LEMMA 1. An element x of G - H can be written uniquely in the form 
uhtv where u, v E Q and h E K. The element x = uhtv is an involution if and 
only if u = v-l and ht = t-lht = h-l. 
The first part is an easy consequence of (1). The uniqueness of the expres- 
sion follows from the equality Q” n H = {l}. The assertion about involutions 
is proved by using the uniqueness of the expression. 
LEMMA 2. If k is an element of K satisfying kt # k, then C,(k) is contained 
in K. 
Proof. Suppose that an element x in G - H commutes with k, then 
kuhtv = uhtvk where x = uhtv, u, v E Q and h E K. By the uniqueness of 
the expression we have kh = hkt = hk. This is impossible. If k commutes 
with u # 1 of Q, then k commutes with ut E G - H. This is not the case. 
Hence C,(k) is contained in K. 
Define W to be a subgroup of maximal order in K subject to the condition 
that C,(W) n Q # {I}. 
%DIMENSIONAL UNITARY GROUP 3 
LEMMA 3. The factor group C,(W)/ W is a (Z)-group of even degree. 
Proof. The involution t normalizes W. Hence by Lemma 2 t centralizes 
W. If Qr denotes C,(W) n Q, then 
The maximal choice of W guarantees that C,(Qi) n K = W. The group 
C,(W)/ W is a doubly transitive permutation group, in which QIK/ W is the 
set of elements leaving the coset QIK invariant. Suppose that W = K. Then t 
centralizes K and hence K contains exactly two elements inverted by t. Ifj 
is an involution of K, the order of its centralizer is s(s + 1) (p - 1) where 
s = ] Co(j) 1. It then follows from Lemma 1 that 
P”(P” + I)/+ + 1) = q3/s + eq3 
with e = 1 or 2. Hence we have 
p”/s = 1 + e(s + 1). 
Hence e + 1 = 0 (modp). This yields e = 2, andp = 3. Then we get s = 3 
and p = 3. Then the group C,(K)/K is a doubly transitive group of degree 4 
and of order 12. Hence C,(K) contains a normal subgroup S of order 32. 
Since 1 G ] = q3(q2 - 1) (p” + 1) with 4 = 3, S is a Sylow 2-group of G. 
If a conjugate subgroup K2 of K is contained in S, then Kz n K contains the 
involutionj. Hence x E C,(i). Since s = 3, C,(j) = C,(K) and so K = K5. 
Since K is contained in the center of S, the transfer theorems of Burnside 
and Griin are applicable. Since N,(K) = C,(K), N,(K) contains a normal 
subgroup of index 4 or 8 with cyclic factor group. G must contain a normal 
subgroup G, of index 4 and G/Go is cyclic. Then the normalizer of a Sylow 
7-group contains an element of order 4. The equality e = 2 implies that there 
is only one class of involutions. Since Co(j) is of order prime to 7, the nor- 
malizer of a Sylow 7-group can not contain an element of order 4. This 
contradiction proves that K # W. 
By the maximal nature of W, Q,K/ W is a Frobenius group. Hence C,(W)/ W 
is a (Z)-group. 
The structure of a (Z)-group of even degree is known (cf. [2] and l-41). It is 
either the full linear fractional group L,(Y) or its normal subgroup of index 2, 
where Y is a power of p. 
LEMMA 4. In the above notation q is a power of Y, and the order of W is 
divisible by q + 1. 
Proof. The first part is a consequence of divisibility conditions: 
Y + 1 j qa + 1 and (Y - 1)/2 I q2 - 1. The second assertion follows from the 
first, because the index [K : w] is equal to (Y - I)/2 or T - 1. 
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By Lemma 4, j W 1 is even so that W contains a (unique) involution, which 
we denote byj. An involution which transposes a and b lies in (K, t}. Hence 
by replacing t by an involution in {K, t> if necessary, we assume that t is 
conjugate to j in G. We have 
C,(j) =- PK u PKtP, P = C,(j) r\ Q. 
Denote s = 1 P j. Then the number of involutions conjugate to j is 
q3(y” + l)/s(s -I- 1) 
LEMMA 5. In the notation of the preceding lemma we have T 7 q and 
C,(W) = C,(j) where j is the unique involution of W. 
Proof. By assumption the involution t is conjugate to j whose centralizer 
is of order s(s + 1) (q” ~~ 1) where s = 1 C,(j) ). Each element k of K defines 
the element h = kk-’ which is inverted by t. In this way we obtain 
[K : C,(t)] elements. If two elements u and uv with v E C,(t) are inverted 
by t, we have v = vu-l. Hence there are exactly d[K : C,(t)] elements of K 
inverted by t, where d = 1 or 2. Since C,(W)/W is a (Z)-group, 
[C,(t) : W] = 1 01-2 and [K : W] = Y -- 1 or (Y - 1)/2. 
We obtain 
qyq” $- l)/s(s + 1) = Q”/S + qY(f(y - 1) 
where f = -i, i, 1 or 2. Both r and s are powers of p, and r < s < q3. Hence 
f= 1 (modp). If f# 1, then f= $ and p = 3. This time we obtain a 
contradiction q3 = 9. Hence f : 1. The above equality is reduced to 
q3/s = 1 4 (Y ~ 1) (s + l), 
which implies that Y mm: s and r = q. The former equality yields that 
CG(W) = Co(j). 
LEMMA 6. The order 1 W 1 of W is q -t 1 and W = C,(t). 
Proof. As proved above we have f = 1. Hence we have one of the two 
cases: (1) [K : C,(t)] = q - 1 or (2) [K : C,(t)] = (q - I)/2 and G con- 
tains only one class of involutions. The first case gives 1 W / = q + 1 and 
C,(t) = W. We must prove that the second case can not occur. If q G 1 
(mod 4), a Sylow 2-group of {K, t} is a Sylow group of G. Since 
I C,(t) I = 2(q i 11, 
the order of K is divisible by 23 but not by 24. A generator of the Sylow 
2-group of K is mapped to its 5th power by t. The transfer theorem of Griin 
yields the existence of a normal 2-complement N in G. Then N is transitive. 
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Since G/N is a 2-group, N contains Q. Hence N is doubly transitive against 
the oddness of its order. 
So we assume that q = 3 (mod 4). Let 2” be the highest power of 2 dividing 
q + 1. Then K contains a cyclic group U of order 2n+1 which is centralized 
by t. Let 2 = U n W. Then 1 2 / is either 2”+l or 2” according as W = CK(t) 
or not. 2 is normalized by t. Let S be a Sylow 2-group of C,(W) containing 2. 
Then S/Z is a dihedral group of order 2” or 2*+l. We may assume that 
{Z, t> is contained in the second center of 5’. If / Z 1 is 2”+l, then Z is clearly 
weakly closed in S. The same conclusion is true in the other case. If 
Z” s S and Z” n Z = {l}, 
then ZzZ is a maximal abelian subgroup of S and contains (2, t}. Hence j 
is an element of order 2 in Z$ which commutes with U. Clearly j” is not 
contained in U. But any cyclic subgroup of order 2”+l in C,(p) contains?. 
This contradiction proves that Z is weakly closed in S. 
Since Z is a subgroup of the center of S, a transfer theorem of 
Wielandt [9] is applicable. By Lemma 5 we have NG(Z) = C,(W). By 
Lemma 3 C,(W)/ W is a (Z)-group. Then C,(W) contains a normal subgroup 
of index 1 or 2 which is a product of Wand a normal subgroup L satisfying 
1 W n L 1 = 1 or 2. The group L is isomorphic to either SL(2, q) or LF(2, q) 
(cf. [.5]). The theorem of Wielandt yields that G contains a proper normal 
subgroup N satisfying the properties that G/N is a cyclic 2-group and a 
Sylow 2-group of N is either a dihedral group or a generalized (or an ordinary) 
quaternion group. N is doubly transitive as before. 
If a Sylow 2-group of N is of quaternion type, then N is not simple by a 
result of [I]. Since any normal subgroup of N is transitive and of degree 
$ + 1, N contains no normal subgroup of odd order. Hence by a theorem of 
Brauer-Suzuki [I] N contains a normal subgroup of order 2. This is impos- 
sible. 
If a Sylow 2-group of N is a dihedral group, then N n W = {l}, as 
L n W = (1). Hence there is an involution not contained in the normal 
subgroup N, N # {I). Hence G has at least two conjugate classes of involu- 
tions, since 1 N 1 is even. This is not the case. Lemma 6 has been proved. 
LEMMA 7. We have t-lxt = x-0 for all x E K. 
Proof. By Lemma 6, CK(t) = Wand / CK(t) / = q + 1. If the order of x 
is an odd prime power dividing q + e, e = & 1, then 
t-lxt = xe and xq+e = 1. 
Assume that the order of x is a power of 2. Let q + e = 0 (mod 4). If 2” is 
the highest power of 2 dividing q + e, then we may assume that the order of 
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x is 2n+r. Then it # a+ but xzt = x2e = x-ag. Hence a+ = ~9. Lemma 7 
follows easily. 
LEMMA 8. If x # { 1) is a subgroup of w, then C,(X) = C,(W). 
Proof. If Qa = C,(X) n Q, then C,(X) = QaK u Q&Q,, . Q0 is nor- 
malized by K. The involution t inverts every element of order q - 1. If 
1 Q0 1 = s, then s - 1 is divisible by (q - 1)/2 by Lemma 2. This implies 
that s is a power of q. Clearly s < q 3. The possibility s = q3 is ruled out 
because C,(Q) is a part of Q. If s = q2, q2 + 1 is a divisor of q3 + 1. This is 
impossible when q > 1. Hence s = q and C,(X) = C,(W). 
III. THESTRUCTUREOFQ 
In this section we consider the structure of Q. We retain the notation of the 
preceding section. 
LEMMA 9. The group P = C,(W) r\ Q is contained in the center of Q. 
Proof. Let 2 be the center of Q. Then K normalizes Z. If 2 n P = {l}, 
then K acts regularly on Z by Lemma 8. Hence 1 Z 1 > q2. This implies that 
Q = Z x P. This is impossible. Hence Z n P # {I}. Then Z n P is 
normalized by K and its order is congruent to I modulo (q - 1)/2. Hence 
1 Z n P 1 > q and so P c Z as claimed. 
LEMMA 10. K acts regularly on Q/P and K/W acts regularly on P. 
Proof. Both statements follow from Lemmas 2 and 8. 
LEMMA 11. Q is a p-group of exponent p. 
Proof. Lemma 10 shows that the only possible characteristic subgroup of 
Q is P. Since Q is of class at most 2 and p > 2, Q is of exponent p. 
LEMMA 12. Q is not abelian. 
Proof. Suppose that Q is abelian. Then Q is elementary by Lemma 11. 
Hence Q = P x Q1 where Q1 is normalized by K. By Lemma 10, the group 
QIK is a Frobenius group. If 7 is a linear character of Q satisfying v(Qr) # 1, 
then 17 has exactly q2 - 1 conjugate characters in H. Hence the character v 
of H induced from 7 is irreducible. We have q such characters, qr , “., 9)4. . 
G has q exceptional characters E, , ..., E, associated with v1 , ..., qp . The 
characters Ei satisfy the following properties: EJx) = E,(x) for any p-regular 
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element x of G and El , *.., E, are the only characters of G which contains vi 
and vi with different multiplicities for some i andj (cf. [2] or [6]). 
H has a linear character 4 # 1 satisfying the property that the restriction of 
5 on K is invariant under t. Then the character [* induced from 5 is not 
irreducible, but a sum of two irreducible characters X and Y. Suppose that 
either X or Y is exceptional. Then l* - <* is the sum of at most four 
irreducible characters and contains all the exceptional characters. Hence 
Q < 3. The case q = 3 is ruled out, because the degree of l* - [* is zero. If 
both restrictions X/H and Y/H contain v1 , then the degrees of these two 
characters are not smaller than $ - q. On the other hand, the sum of these 
degrees is equal to q3 + 1. This is impossible as q > 1. Hence at least one of 
them, say X/H, does not contain v1 . This implies that the kernel of the repre- 
sentation with character X contains Qr . 
By Lemma 10, H contains no normal subgroup whose index is a power ofp. 
Hence there is a normal subgroup N # G such that N n H 2 Q. Let N, be 
the intersection of all normal subgroups N of G satisfying N 2 Q. N, is 
doubly transitive of degree q3 + 1 so that ] N, 1 = qV(q3 + 1) where d is a 
divisor of q2 - 1. If d = 1, N,, contains a regular normal subgroup of order 
q3 + 1. This is not the case. Hence d > 1. Then we apply the same argument 
as before to N,, in place of G. We conclude that N,, contains a normal sub- 
group Nr # N,, satisfying Nr 2 Q. This is against the minimal nature 
ofN,,. 
IV. FURTHERSTUDYOFTHESTRUCTUREOF Q 
By Lemmas 10 and 12, P is the center of Q and both P and Q/P are elemen- 
tary abelian groups. By Lemma 10 we can identify Q/P and P as additive 
groups of finite fields and the operations of elements of K as left multiplica- 
tion of nonzero field elements. Let F denote the field of q elements and E be 
the quadratic extension of F. We shall denote elements of Q by the pairs 
(01, j?) where 01 E E and p EF. Take a generator K of K. The transformation 
by K induces an automorphism of Q which sends (01, /3) into (OIW, j?[), where w 
and 5 are generators of the multiplicative groups of nonzero elements of E and 
F respectively. 
Since P is the center of Q, the mapping defined by 
(x9 Y) - L? Yl 
of Q x Q into P determines a mapping 91 of Q/P x Q/P into P. Since Q is of 
exponent p by Lemma 11, the structure of Q is uniquely determined by the 
mapping v. Since P is the center of Q, p may be regarded, in a natural way, 
as a nondegenerate alternating form. We study the mapping more closely. 
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This is clearly a bilinear mapping over the prime field and commutes with 
the conjugation by elements of K: 
VP, Yh) = k YP, X,Y ~Qlp and hEK. 
Therefore there exists a skew-symmetric bilinear mapping over F defined on 
M x M, where M = (Q/P) OF, into P OF, which is an extension of q~ and 
commutes with the conjugation operators and the Galois automorphisms of 
the modules. From the extension, 9 is recovered by considering the restriction 
on the natural embedding of Q/P. In the following we denote the extension 
of v on M x M by the same letter 9). 
Let 4 = p”. Then M decomposes into a direct sum of K-spaces Q,, , Qi , 
. . . . Qn-1, where Qi is isomorphic to E and the action of k in Q,i is the left 
multiplication by pith power of w (see the definition of o at the end of the 
first paragraph). We can take a base (xi , yJ of Qi satisfying 
k 
xi = yi ) yf = - T/pi + Ti.yi (i=O, 1,2, “‘,?Z - 1) (1) 
and the Galois automorphism of M raising each element of F into its pth 
power sends xi into xi,i and yi into yi+i . If 17 = cJ+* and 7 = w + a*, 
then rli = # and 7i = &. The element 7 is a generator of the multiplicative 
group F* of nonzero elements of F. 
The element Kl+a induces the left multiplication by 7i in Qi Hence the 
elements dxi , xj), &vi , Yj), dxi , Yj) are 0 or characteristic vectors of @+l in 
P @F corresponding to the characteristic value ~~7~ . We have assumed that 
conjugation by k induces in P the multiplication by c EF. Hence kQ+l 
induces the multiplication by t2, and its characteristic values in P @ F are 
<: where & is the pith power of 5, Hence we have ~$7~ = <i for some triplet 
(i, j, k). Applying the Galois automorphisms, we have 
for any integer 2, indices being considered modulo n. We see that rlirlj = ~~72 
if and only if (i, j) = (k, 1) as pairs of integers modulo 11. 
The element < is not uniquely determined by the structure of Q. If fl+ 8’ 
is an automorphism of F, then (CX, /3) --f (01, p’) gives an isomorphism of Q 
onto Q’ for which the commutator function y’ is given by ~‘(x, y) = (F(x, y))‘. 
Then 5 is replaced by 5’ in Q’. So we may choose 0 < r < n and assume that 
77o?lr = 5”. (2) 
Let zi be a characteristic vector of k in P @F corresponding to the charac- 
teristic value & , i = 0, 1, 2, ..., n - I. Then a0 , ..., zn-i are linearly inde- 
pendent over F, because ci # lj for i f j. We have 
94% 1 G+i) = YiZi (i = 0, 1, ..., n - 1) 
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for some yi E F. Then yi is the pith power of y = y,, . It is possible to choose 
y = 1 or 0, but it is immaterial. From the formula (1) we obtain 
9tYi v Y7+i) = Yilizi (i = 0, 1, “‘, n - 1). 
Since F is skew-symmetric, v(xrti , xi) = - yizi but if j i - j j # I, 
y(xi , xi) = 0. Similar formulas hold for yk . We have 
9& , ri) = dyi , xi) = 0 if [i-jlfr. 
In order to determine the function p) it is necessary to give the values 
dxi 9 Yr+i) = Aizi and dX,+i , yJ = Bizi . 
Again Ai , Bi are pith powers of A = A, and B = B, respectively. The 
formulas (1) yield relations among A, B, y and 5. We have 
(k = Y + i) 
Hence Al = By, + r,.y{. Similarly we obtain B[ = 7A - ry[ and 75 = T,.T. 
It is clear that if A, B and y satisfy these equalities, the above formulas may be 
used to define a skew-symmetric bilinear form which commutes with the 
operator K and the Galois automorphisms. Thus the structure of Q is deter- 
mined by the integer Y and the field elements A, B, y and 5. 
The groups Q/P and P are embedded in (Q/P) @ F and P @ F in such a way 
that they are left invariant by Galois automorphisms. If ti denotes the pith 
power of 5 in F, then the elements of Q/P are of the form E (a,~, + b,yJ. The 
element (a, j3) of Q corresponds to c (a,~, + b,y,) if (Y = a + bw. The multi- 
plication table of Q is now 
(a, P) (a’, 8’) = (a + 01’9 B + 8’ + <% 4) (3) 
where (LX, 01’) is a function defined on E x E into F. If 01 = a + bw and 
(Y’ = a’ + b’w, then we may take 
ca, a,> = (aa” -2u’a’) y + (ab’O -2beu’) A 
+ (ueb’ - ba’e) B + (bb’@ - beb’) y[ 
2 2 ’ 
where 0 is the automorphism of F which maps each element into its pr-th 
power. We see easily that (OL, 0~‘) is bi-additive, skew-symmetric and 
(01, Ka’) = K(or, CY’) if K EF and Ke = K. In particular (a, - CX) = 0. This 
implies that 
(a, Iv = (- % - 8). (4) 
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If 0 = 1, then (01, a’) is a bilinear, skew-symmetric function defined on 
E x E. Since P is the center of Q, the function (01, 01’) is nondegenerate. 
Hence the group Q is uniquely determined. The Sylow p-group of U,(q) 
is a group of this type (cf. [S]). S ometimes it is convenient to express Q as the 
set of all pairs (01, j3) with 01, /3 E E, oil+ = ,8 -A- p” equipped with the law of 
composition 
(a, B) (y, 6) = (a I- 7, P $~ 8 -t a”y). 
V. STRUCTURE EQUATIONS 
We have seen that the group Q is the totality of elements (ol, fl) of the set 
E x F equipped with the composition law (3). The generator Fz of K maps 
(01, p) into (aw, ,&) and the element < satisfies the relation (2). The involution t 
maps every element of K into its -- qth power (Lemma 7). 
For each element x of Q - { 1} we define three functions f, g and h by the 
formula 
t-??A = g(x) h(x) tf(x), f(x)> g(x) E Q, h(x) E K. 
Then these functions are uniquely defined and satisfy the following proper- 
ties: 
f(x) f 1, (5) 
A+4 = f(x-Y, (6) 
f(u-‘x24) = u”f(x) u-Q for u E K, (7) 
f(fW) = x, (8) 
f(g(x)) = 4vf(W Q)‘l, (9) 
f(.XY) = h(Y)qf(4 hWQf(Y) (10) 
where x f 1, y # 1, XJJ f 1 and x =f(x)g(y) (see [8, Lemma 141). If 
x = (01, /3), we shall write f(x) = f(a, /3). By (7), f is determined by the 
values f(1, n) with u E F. Define a(v), /3(u) and y(v) by 
f(l! v) = (44, P(a)) and h(l, v) = Y(V). 
Then a(~) # 0, a(g) E E, B(V) EF and y(v) E K. 
Let [ be an element # 0 of E. Then t = UP for some n. The mapping 
t--f 5” is a homomorphism of E* onto F*. We denote this mapping by 
5 : l(t) = 5” if 5 = wn. The elements 77 = J+Q and 5 generate the multi- 
plicative group F*. Let e be the mapping which sends 1” onto TV. This 
mapping is certainly an isomorphism of F* onto F*. Clearly eiJ() = .$r+~. 
If a # 0, then 
f(a, b) = (Q-Q+), 6x4 B(4) 
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where z = @(u)-~. Similarly 
da, 4 = (a-%- 4, - <(a-Q) 8(- z)), 
h(u, b) = y(z) d-Q. 
We have used the identity [(- a) = ((a). If we define 
w = l&J) 5ww, 
the formula (8) yields that 66(v) = v and c@(v)) = N(W)*. The formula (9) 
yields that 
S( - S( - x)) = - S(x). 
LEMMA 13. There exists an element x E F such that 6(x) = - x. 
Proof. If there is no element satisfying 6(x) = - x, then the method 
on p. 180 of [S] proves that 3 divides q. Hence the characteristic of the field F 
is 3. 
Put f(l, 0) = (ar, 8). Then p[(a)-l = S(0) # 0 by assumption. We have 
g(l, 0) = (01, - 8). Let h(l,O) = y. Clearly f(- 1,0) = (- 01, /3). We 
compute f( - 1,O) by using the formula (10) and the fact (- 1,O) = (1, O)2. 
We have 
f(L O)g(l, 0) = (01, B) (01, - B) = (- % O), 
f(- cc, 0) = ((- cd)-" Lx, g- a-") /3) = (- cd--q, gap /I), 
f(- 1,O) = (- al-Qy-Q, qa-Q) pqy-Q)) (a, j3) = (a - al-Qy-Q, *). 
Hence we have - 01= a - c2*y-*. Therefore - d-*y-~ = cz and [(U-Qr-“) = 1. 
Hence f(- 1,O) = (a, fi) (01,/l) = (- 01, - /3) by (3). This yields a contra- 
diction p = - ,6 # 0. 
The group P is a Sylow p-group of C,(j) where j is an involution of K. 
By Lemmas 3 and 6, C,(j) is an extension of a central cyclic group by a 
linear fractional group. Hence 
t-‘(0, 1) t = (0, a) ht(0, a) 
where h E K. The element h satisfies hQ = - h. We have 
t-‘(0, y) t = (0, uy-‘) he(y) t(0, q-l). (11) 
Let x be an element of F satisfying S(x) = - x. For y EF we compute 
f(1, x + y) using the facts 
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If y # 0, then we obtain (cf. (11)) 
(Y(x J- y) = a(u) a(x)-” h-4 e(y)-l 
= z(v) a(- x-” y(x)-” + d(X) 
where 
(4 
u = w + 4(Yi(44) and v = - S( ~ x) + a/(y{(a( -- x))). 
Since S(x) = - x, we have u = U. ‘Ilie can compute a(~). Writing 
z = (Y5(44))Y, 
we have 
a( - x + ax) = 1 /(h-%(z) - c) with c = a(x)-” y(x)p, 
and a similar formula for a(x + az). The formula (12) yields that 
y(x) = - +p2’1 and e(u) h2 = 1. 
These formulas imply 
and 
~(x +y) = 1/(4x)-’ - he(y)). 
LEMMA 14. The relation 6(z) = - z holds for all z E F. 
Proof. We have ,(x + y) = a(- x - y)” since 1~ = - h. Hence 
c+)” = a(- z?) = o@(z)). 
So it suffices to show that E(U) = ( ) OIZ, im pl iesu=v.Wehave(l,v)=(l,u)u, 
where a E P. The equality a(~) = a(n) yields that f(1, V) =f(l, ZJ) b with 
b E P. Hence we have 
trlut = g’h’tbth-l8-l 
where g =g(l, u), h = h(1, IL), h’ = h(1, ) ZJ and g’ = g(1, v). This implies 
that a = 1. Otherwise we have g E P by (11) contrary to a(u) # 0. 
LEMMA 15. Wehuvec=qandQ=l. 
Proof. By Lemma 14 we obtain 
4~ + Y) = 44/U - h44 e(r)) 
for all x, y E F, where we define e(0) = 0. Put ~(0) = 01. Then we have 
a/(1 - hole(x + y)) = l/(a(x)-’ - he(y)) 
= lita-’ - h(e(x) + e(y))). 
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This yields that e(x + y) = e(x) + e(y). Hence e is an automorphism of F. 
By the defining relation (2) we have $fe = c2. Hence e($+O) = ?2. Since 
both e and 0 are automorphisms of F, we conclude that e = B = 1. The 
relation T[ = ~~7 yields that 5 = 7. 
VI. FINAL STEP OF THE PROOF 
By Lemma 15 the group Q is isomorphic to the group of all pairs (cy, 8) 
satisfying 01, j3 E E and (11l+* = /I + 8”. The multiplication is defined by 
(a, 18) (Y, 6) = (a + Y, B + 6 + @Y’/). 
We have 
t-‘(0, B) t = (0,/q rt(O, 8’) 
with yq = - y. If t is replaced by ts with s E K satisfying st = s-l, then ts 
is an involution of {K, t} and the element y in the above formula is replaced 
by ys-l. Hence by choosing suitable t we may assume that y = /3. Then we 
get jYj3 = 1. Hence 
t-‘(0, B) t = (0, B-l) P(O, 8-l) 
for all elements /I satisfying j9 = - /3. 
For each element of E satisfying x + xq = 1, we define 
f(l, 4 = (449 B(4), w, 4 = Y(X). 
Then 
S(x) = /3(x)/a(x)“” = xq 
If y* = - y, then 
and a(x”) = a(x)“. 
m Y) = go Y) = (0, y-7 and MO, Y) = y. 
Hence we get for y # 0 
a@ +r> = MY” - 4, c = a(x)-“” y(xy. 
Similarly for elements z # 0 satisfying z” = - z we have 
cd(xP + x) = l/(.a’ - c’), c’ = a(x)-” y(x)-Q. 
We conclude that 
cl = P, Y(xq) = YW and y(x) = - ,(x)1-2*. 
It follows that 
a(x) = l/(.%? + t) 
for every x satisfying x + xq = 1 and t is independent of x. 
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For each pair (x, y) of elements x, y of E, define 
Then 
A = L&y) =yQ + txl+Q. 
f(x, Y) = (44 Yq/nl+q) and h(x, y) = - A‘+1. 
The method of [8, p. 1821 shows that t = tQ and finally we have either t = 0 
or t = - +. 
If t = 0, then the group G is isomorphic to a subgroup of U,(q). Comparing 
the orders we get G s U,(g). 
The case t = ~ 4 is impossible. To see this we apply the formula (10) of 
Section V to a particular pair of elements in Q. It suffices to take x = y 
and x $ P. If x = (01, E?), then the formula (10) gives /3 + 2/3g = 0. Since j? 
can be any element of E, this is a contradiction. 
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